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Equations describing small deformations of prestressed shells are constructed on
the basis of the three-dimensional theory of superposition of a small deformation
on finite deformations. The equilibrium equations of prestressed shells are derived
rigorously. The Kirchhoff hypotheses are taken for the additional displacements,
An expression for the shell energy is obtained, after which the governing equa-
tions are formulated for shelis of an arbitrary elastic material for any initial state
of stress. The approach developed permits formulation also of the governing equa-
tions for shells of hypoelastic and elastoplastic materials. The governing relation-
ships are made specific for the case of a small initial deformation. Boundary and
conjugate conditions with absolutely rigid inclusions are derived from a variation-

al principle, The case of additional external forces generated by the follower
character of the hydrostatic load is specially considered. The results can be used
in shell stability problems in particular.

1, Relationships of the theory of small deformations superposed
on a finite deformation, The equilibrium conditions of a deformed material
medium can be written as follows:

{{N.Ta0 + {1 pbav =0 (1.1)
o, A
LS‘RX(N-T)dO—i-uv\"prbdr:O (1.2)

Here T is the Cauchy stress tensor, R is the radius-vector of a point of the deformed
body, V, is an arbitrary volume isolated in the body, O, is its bounding surface, N
is the vector of the unit normal to the surface O, p is the density of the material in
the deformed state, and b is the body force vector,

Let us consider some equilibrium state called the initial state and given by the vector
R®, and an infinitely close equilibrium state given by the vector R= R° 4- nw, where
1) is a small parameter. Differentiating (1. 1) and (1. 2) with respect to the parameter 1)
and setting 1y = 0, we obtain

[fne0a0+ {|okar =0 (1.9)
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=T 4 TV.w — Vwl.T°, T — [%T(R°+nw)]ﬂ=o (1.5)
b=b°+nk, k=»>b
Here @ is the tensor introduced in [1, 2], V¥ is the nabla operator in the metric of the

initial deformed state, k is the additional body force. From the arbitrariness of V, in
(1.3) and (1. 4), and the equilibrium equation of the initial state

v.T° + p°h° =0 (1.6)
V-®+pk =0, 6 —0T="T°.VYw— Vwl.T° (1.7

follow. The second relationship in (1. 7) results directly from (1. 5) also. Henceforth,
the degree symbol referring to quantities in the initial deformed state is omitted. In the
case of dead external forces, the potential energy accumulated in a prestressed elastic
body with a small deformation is given by the expression [3]

the equations

Hzgg&Wdr, W:%@..LT, L — Vw (1.8)
14
Decomposing the tensor I, into symmetric and anti-symmetric components
L=¢—Q, Q=EXoeo (L9

where € is a linear strain tensor, o is a linear vector of rotation, and E is the unit ten~
sor, we write the representation (1. 5) of the tensor ® as a linear function of the tensors
¢ and Q as follows:

®—P1 U, U=1Y(Te—eT) —T-Q (1.10)
P=Pl =T +TV-w — LT.T — T-L + ¥, (¢-T + T-#)

The symmetric tensor P which is the objective derivative [4] of the objective tensor
T is independent of the rotationtensor 2. The potential energy density becomes the
following :
W= WP L WU, WP=1,P ()¢ (1.1
WU =1,U .- LT = tr (Q-T-e — Q- T-Q) = /str (3LT-T-L —

2LT.T.LT — L-T-L7)
It is understood that the tensor P still depends on the initial deformation. The formulas

@ =0W/oL, U=0oWU/oL, P =0Wr/oe (1.12)

are valid for an ideal elastic body. The first of the relationships (1. 12) has been ob-
tained in [3], the second is verified directly by using (1. 11), and the third follows from
the first and second.

The relationships (1. 10) — (1. 12) show that the specific energy of small displacements
of a prestressed body consists of the pure strain energy W¥ (e) and the energy WU due
to rotation of a volume element with small displacements. For an elastic body the co-
efficients of the quadratic form WP (e) are determined completely by the law of the
material state and the initial strains. The energy WV is independent of the material
properties and determined entirely by the initial stresses. The material properties can
also be given directly as a linear dependence of the tensor P on the tensor & with co-
efficients dependent on initial stresses (plastic flow theory), where this representation
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will be different in cases of active loading and unloading.

For an absolutely rigid body we have ¢ = (), @ = const. Hence,according to (1. 11)
the potential energy of small displacements of a solid is represented for dead extemal
forces as Me_ 4

2 S&S“(‘” X T X 0)dt =6 S&S(EtrT—T)dt-m(LL‘i)

2

The stress tensor is not defined in an absolutely rigid body, however, by using the equi-
librium equations (1. 6), the integral in (1. 13) can be expressed in terms of the external

fOICeS

{{ @ -RE—FR)dO=0

0
Here F is the surface force vector. Since the system of forces F and b is statically
equivalent to zero, the tensor @ is symmetric. We have from (1. 13) and (1. 14)

InI=1Y,0 o0 (1.15)

The condition of stationarity of the functional II is equivalent to the neutral equilib-
rium conditions, Applied to (1. 15), we obtain 6II — @-®d.8w. From the condition
8I1 = O we arrive at an equation to determine the equilibrium axis [5], i, e. that vec-
tor @ for rotation around which the solid remains in equilibrium: @.¢ = Q.

2. Equilibrium equations of a prestressed shell, Let a surface
referred to the Gaussian coordinates ¢', ¢ be the middle surface of the shell in the ini-
tial deformed state. The vectors of the fundamental and reciprocal bases on the surface
are given by the formulas

R, =0R,/d¢", R* R, =34, R®.N=0 (2, 8=1,2)

Here R, is the radius-vector of a point of the surface, N is the vector of the unit nor-
mal to the surface. We introduce the first and second fundamental tensors of the surface
by the relationships
G =G.R*R* =E — NN, B =B, R°R*~ —V,N =BT
Gap = Ra-Rg, Byg= —Ry-0N /3q", Vy=R9/0g"
Here V, is the nabla-operator on the surface. Let us say that the Euclidean tensor of
the second rank Y belongs to the surface if it satisfies the relationship N-.Y =
YN == 0. Evidently the tensors G and B belong to the surface.

The shell is a domain bounded by two surfaces on different sides of the middle surface
O at an identical distance away % / 2, and by a ruled surface ¥ formed by motion
of the normal to the middle surface along its boundary outline, The position of points
of the shell is given by the radius-vector

R=Ry+ 2N, —h/2<z<h/2

The shell thickness can be variable.
The validity of the following formulas which express the geometric characteristics of
the shell in terms of the geometric characteristics of the middle surface can be shown:

mdZ = A (G — By '.medSdz, A = det (G — zB) (2.2)

2.1
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dt = AdOdz (2.3)
Vo (¢, ¢, 2) = (G — zB)™- Vo - Nog / 0z (2,4)
(NdO)y = A (£h /DI =N TF1/2 (G Fh/2BY1VAldO (2.5

Here m is the unit normal to the surface £, m, is the external normal to the boundary
outline of the middle surface (mg-N = 0), dO is an element of the middle surface,
dS is an element of arc of the outline, ¢ is an arbitrary function of the coordinates
(not necessarily a scalar), (NdO). is a directed area element of the surfaces 7 —
-k-h / 2. The tensor Y71, inverse to the tensor Y belonging to the surface, is under-
stood to be a tensor which also belongs to the surface and satisfies the relationship

Y'Y=YY'=6G
In addition to the external forces due to the initial equilibrium state, let small addition-
al external surface forces distributed over the surfaces z = —-h / 2 and additional for-
ces distributed over the shell volume also act on the shell, Within each section of the
shell resting on the element dO of the middle surface, we replace this system of addi-
tional forces by its statically equivalent system of forces and moments concentrated on
the middle surface with the intensities f and u X N (u-N = 0) per unit area, res-
pectively. We apply the equilibrium conditions (1. 3), (1.4) to the shell by taking a sec-
tion of the shell bounded by the surfaces z = -k / 2 and the surface 3, intersect-
ing the middle surface along an arbitrary outline I', as V. We obtain

jjm.edz+jjfd0=o (2.6)
z (4]

Sjm.@ X RS + (faxR4px N0+ [[mT xwiz4 (@
21 Ot 2.

o” N,-T x wdo, + é” N_-T x wd0_ +

hij2

ij[ | 4pb x waz] a0 =0

-h/2

Applying (2. 2) — (2. 5), the theorem about the divergence on the surface, taking account
of the equilibrium differential equations for the initial stresses (1. 6), and using the ar-
bitrariness of the surface O,, we obtain from (2, 6) and (2. 7)

Va-K'+ NV,.V—V.B4+E=0 (2.8)
K'4+BM)]- - SN+ (Vg M) X N—VXN4+puxN=1= (2.9
h/2
— | AR*(G—1B)™.T x 0w /0¢* + N.T x ow/ 93] dz
~h/2
Ey=—c ==-N=—GxN, e=—ExE

hi/2

[1\151] — _hjlz A(G — B)1.8.G [:] dz

(2. 10)
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hia
V= | 4(@G—1B)y1.6.Niz
-h/2
Here e=4 is the discriminant surface tensor, & is the three-dimensional discriminant
tensor (the Levi-Civit3 tensor), Introducing the notation for a vector in the right side of

9 —I=YN+iAxN @R.N=0) (2.11
we see that (2, 9) decomposes into the two equations
K'+(BM)] .., +9=0 (2.12)
(Ve M)-G—V +pn+a=0 (2.13)
Introducing the symmetric tensor K into the considerations, we have from (2. 12)
K'=K—BM)T 43y, (2.14)

K = 1, (K + (B-M)7] + %3 [K'T + B-M']

Eliminating the vector V from (2. 13) and (2. 8) and using (2. 14), we arrive at a vector
equation. On the basis of the Ricci identity and the properties of the Riemann-Christof-
fel tensor of a surface [6], it can be proved that only the symmetric part of the tensor
M’ enters into this equation. We then finally obtain the following equilibrium equation
for a prestressed shell

VoK — 2B-(Vy-M) — (M-V,)-B + NV;: [G- (Vo-M)] —  (2.15)
Yo E5-Vyy — B+ (u + &) + NV, (p + M) +f=0
M =1 (M + M)
These equations are exact consequences of the necessary conditions for equilibrium
(1.3) and (1.4).

The following relationship
h/2

[ N.0—8.Nydz=—Nx@axN=—1 (2. 16)

-n/2
can be obtained from (1.7),(2.4) and 2, 11),
For small additional displacements of points of the shell we use the Kirchhoff kine-
ic h .
matic hypotheses . __ Wo—20, ¥—= —N = N-ngoT =Vaw+ B-u (2.17)
u=wy,-G, w=w,-N

Here W, is the middle surface displacement vector. According to (2.4), after some trans-
formations we obtain for the tensor L of the shell

L= (G — By le, — z (x — Brgg)l + x =, + ON — N&  (2.18)
g = Yy [(Vou)-G + G-(V,u)T] — Bw (2. 19)

x = (V;8):G+ B - V,wy, x="1N-(V; Xu)
It can be confirmed that the tensors g, and % belongtothe surface O and are symmet-
ric. They define infinitesimal changes in the metric and curvature of the surface, res-
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pectively, The quantity X characterizes the infinitesimal rotation of a surface element
around a normal. The vector & belonging to the surface characterizes the angle of ro-
tation of the normal for small surface displacements,

It must be kept in mind that the Kirchhoff hypotheses (2. 17) should not be considered
as the requirement of no transverse strain g4, = N.&-N. This strain should be deter-
mined from the condition

0, = N.-O.N =90 (2.20)
Taking account of this circumstance, and using the representation (2. 18), we obtain from
(2. 11) after some calculations
Y—_—-tl' [S'Eg‘ao_D'Eg'(%‘-ao'B)+SX—D'BXI + (2.21)
®-=,-Q — ¥-=,-B-q

A=—Q-g+q- (x—B-g)—xQ-&, - (2.22)
xq-B- =, +9-S—9%-B-D+ 98+ §
S] hi2 1 h.j‘z
V= AG—zB)-l.T.GHdz, Y= | AN.T-Ndz  (2.23)
[D —hS/2 ( z -hij2
h/s hij2
§= | AN.T-Geyds, [Q]= | A(G—zB)—l-T-N[i]dz
—-hj/2 q -hje z

Here S and D are,respectively, the initial force and moments tensors in the shell, Q
is the transverse force vector in the initial stress state. The relationships (2. 21) and
(2. 22) are exact corollaries of the Kirchhoff hypotheses.

3. Specific strain energy and governing equations of a pre-
stressed shell, The shell potential strain energy per unit middle surface area is
given according to (1. 8), (2. 3) and (1. 11) by the expression

hie
a= [ AWP LWV ds =P 4oV (3.0

_h/2
We obtain from (1. 12),(2. 10),(2. 18),(2. 20),(2. 12) and (2. 16) for the energy variation
a =K .- 8ey — M -. 8x + 90y + A-69 (3.2)

The governing equations of a prestressed shell follow from (3. 2)
K = 0a (¢q,%, X, 9)/ deo, M = —da (&, %, %, 9) / o -2
The energy aU is calculated by using (1. 11) and (2. 18) and is for any material, to
the accuracy of terms containing the integral o,:
aV =S .. (x € 4 89 + Yax?G + /200) + D-. (3B g% + (3.4)
4eo? B — g-B-eg — Y Epx + L E 408 B — 1py?B —
/290:B) + Q-(—ep-® — y &3 0) + q- (%% — B-gy- -
XB € 4-0) + o909+ E-® 4 0 -+ (3/3x-Breg—/peg-%-B—
B'Eo‘x + 3/4B2’802 + 3/4B'802'B - 3/280'B2'80)

h/2 h/2
s= | G.T-Gzdz, o= | G.T-G'dz

~h/2 ~-h/2
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It should be noted that the terms discarded in (3.4) are independent of ¥, & exactly
as the terms containing the tensor ¢ .

By using the relationships (1. 10),(1. 11),(2. 18) and (2. 20) it can be confirmed from
(3. 4) that the formulas
Y=20a/d%, &= odal/od

follow in complete conformity with (3. 2),(2.21) and (2. 22).

The terms dependent on 1, q, ¢ can be neglected in (3.4) and therefore in (2. 21)
and (2. 22) also in the majority of practical cases.

The shell energy o can be evaluated if the law of the material state and the initial
strain are known; for an elastic material P (e) = C .. &, where the tensor of the
fourth rank C depends on the initial strain.

In the case of an isotropic material, the tensor C is a function of the Almansi strain
tensor [1] of the initial state and can be represented as an expansion in powers of the
Almansi tensor, where the zero term of this expansion is (A, p are Lamé constants)

Conntk = Mmndki + 1t Omidnz + Smsr)

If the principal relative elongations are small in the initial state (the displacements
and rotations can be finite), then only the zero term can be retained in the expansion
mentioned. Successive evaluation of the remaining terms in the expansion is impossible
without knowing the second and higher order elastic constants of the material,

It can be assumed that for a small initial strain the tensor P is related to the tensor

€ by Hooke's 1
y Hooke's taw P (g) = Atre E 4 2pe (3.5)
Let us take the following type of distribution of the initial tangential stresses over the
thickness
3 2z \2
NT-G=4[1— (F)]Q

Then after calculations using the formulas (3. 1),(3. 5),(1. 11),(2. 18) and (2. 20), we
have to a sufficient degree of accuracy [7]

af = W}jj:}l—@)— [tr¥eg — 2 (1 — v) det g,] - (3.6)
Ehs . 331 1—2
Ty (% — 2(1—v)detx] + ( 52_;()1(_ 3 Y. (8-Q
v 6(1 4 v) (1 — 2v)
E=— g5 Qree——ggr— Q-

Here £ is the Young's modulus and v is the Poisson's ratio, Neglecting terms contain-
ing ¥, q, 0 we obtain representations of the tensors K and M from (3. 3),(3.4) and
(-9 K = TEhVZT [(1 — v) ey 4 vG tr gg] -+ (3.7

%X(S-Ez— =;-8"+B-D-&,— =,-DT-B) —

5 (D + D) eg B— - Bogg-(D+ D7) +

2 (D-B+B-D")-e+ = e-(D-B + B-DT) +

5 (D"-B+B-D)-&+ 5 &-(D"-B +B-D) —
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1
5 (0Q + Q9) — 7 Q96
M= ——EF g _ Gtro] — — T
i —v L1 —=V)%x +vGtrx] — 53 (D —D-y)

The equilibrium equations (2, 15), together with the relationships (2. 21), (2. 22) and
the governing equations (3. 7), form a complete system of equations for a prestressed
shell in the case of a small initial strain. It can be seen that this system of equations
reduces to the classical Bryan equation [8] in application to the problem of bending of a
slab prestressed in its plane.

4, Boundary conditions, The governing equations and force boundary condi
tions of the problem of deformation of a prestressed body can be obtained from the vari-

ational principle [3] s SideT__j"is‘pk.ﬁwdT_ ”f'5Wd0=0 (4.1)
o

Let the middle surface () be bounded by a smooth outline I' on which the additional
external force with intensity I per unit length and the moment with intensity d X
N (d-N = 0) are given, as well as by an outline I along which an absolutely rigid
core adjoins the shell middle surface. The outline I separates the surface of a rigid
inclusion into two parts. To simplify the formulas, we assume that the additional exter-
nal forces are applied just to one of these parts designated O’.

From (4. 1), (3. 2) and (1. 15) we obtain

F§ (K. B8 — M. B 4 16y +1-60 —F.8w, + p-60)d0O—  (4.2)

(o]
[{t.8wdo + 0.0.80 — [ (1-6w, —d-58)ds = 0
o’ T

Here ® is the vector of infinitesimal rotations of the rigid core.

The tensor @ specifying the core potential energy has two components @ = @, +
®,. The tensor @, is generated by reactive forces acting on the core in the initial state
of stress and exerted by the shell and @, is calculated by means of (1. 14) in terms of
the external forces of the initial state applied to the core. On the basis of (1. 14), (2. 2)

and (2.23) we have @, _ ( (mg-(S- Ry + QN-Ro + q) E — (mo-S) Ry — (4. 3)
.
(mO'D) N — (mo'Q) NBQ'— (moq) NN]dS

Here my, is the normal to the outline I/, external with respect to the domain O occu-
pied by the shell, Using (2. 19) and integrating by parts, we obtain instead of (4. 2)

— ({7 K= v, (M B) = (72 M)-B + 5V (r ) — (4.4
[¢]
(h + 0)-B -+ NV, [G-(Vy-M)] + Ny (h + ) + £} 5wy dO +

M ad
§[{mo‘(V2'M)+mor(7»—|——p,)._l.N+ a;t ——5SL]8w+

[mo.(K— 2M.B)+d-B —1.G + -;—Tmo-e,] du —
(M opm — i) 8 (—g%)} S + o-®.60 +
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MM«: (K-—2M.B + 7 S, ) -bu +[m°'(V2'M)+

m,- ] 61— Mt () a5 — ({1-8wa0 = 0
P
The kinematic conditions of connection between the shell and the core are written as

follows: Wo=v—Ry X0, éwy=06v—R, X e (4.5)

m-¥=—t-o, 8@w/ém)=—myB.-ov-+
(—t+mo'BXRo)'6ﬁ), t=—moXN
Here v is the vector of translational displacements of the core. By equating the coeffi~
cients in the variations 6w, on O, 6w, and 6 (gw / dm) on T' to zero, we arrive at
the equilibrium equations (2. 15) and the force boundary conditions on I'. Furthermore,

substituting (4. 5) into (4. 4) and equating the coefficients of the variations §v and 8w
to zero, we obtain the conditions for connection to a rigid core

§{mo. (K—2M-B+ 7g2_|_BMmm) + (4.6)

my-(V,- M+x+p)N+ '"‘ N}dS SSde:O
D)

§{mo- (K—2M.B 4+ 762+BM,,,,,,) x Ro +

mo- (7

“R X de—-m-CD:O
)

)N % Ro—tMm,,,}dS +

The additional load f should not be considered given necessarily, it can depend on the
displacement vector w. If a hydrostatic pressure of intensity p acts on the body surface
in the initial strain state, then upon going over to a new state, an additional surface load
originates [1]

f=—p(V-wE — Vw)-N = pN.(V,w, — EV,. w(,)—p(t}—Ntreo)(‘1 L
For the case when only a hydrostatic pressure of magnitude p distributed over the surface
acts from the external medium on the rigid core, then we obtain from (1. 14) and (4. 7)

—m-(I)2+HR><fd0=pc)><ISRo(t-Ro)dS (4.8)
A )

—ngd0=%pm X ; t x RodS
oG ,
The last formulas show that the conjugate conditions (4. 6) are independent of the

shape of the surface O’ of the rigid inclusion in this case. '
Conditions for the potentiality of the load (4. 7) follow from the directly confirmable

l.ew'tmmhippgg(t,reoﬁw—i)-’(iw(,)d0= 6[%pgg(wtrao—0-u)d0]— (4.9)
O O
-—p S(t X WO)'BWOdS

1
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for the case of a uniform pressure distributed over the whole middle surface resting on
the outline T'. If the kinematic boundary conditions on I' are such that the contour
integral in (4. 9) vanishes, then the elementary work of the load (4. 7) is a total variation
of the functional.
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ASYMPTOTIC ANALYSIS OF THE STATE OF STRESS
OF AN INFINITE CIRCULAR CYLINDRICAL SHELL
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The transverse sections of a shell are deformed identically under the effect of
external forces which do not vary along the generator. In this case it is admissi-
ble to limit oneself to a study of the state of stress of an elastic concentric ring.
A large quantity of papers is devoted to this classical problem, Primarily the
case of nonthin shells is treated. The exception is in the papers of Ustinov [1, 2],
where the state of stress of a very thin ring subjected to normal forces is consi-
dered. The stress field in a thin ring, seemingly subjected to both normal and
tangential external forces, is also analyzed in this paper by another method.

1, Let S designate a domain occupied by a concentric ring, and L, and L, its out-
er and inner bounding circles, respectively, We take the boundary conditions for the first
fundamental problem in the usual form

@1 (1) + 21" (2) + 9, (£) = fo (1) on L (L1

@ (8) + t‘P1l(t) —+ ‘Pl_(t) = fi (&) + C; on L, (1.2)

where @, (z) and P, (z) are the required functions, regular in the domain S, and f, (¢)
and [, (¢) are some functions given on the corresponding curves L; and L,.Examination



